In partially molten regions of Earth, rock and magma coexist as a two-phase aggregate in which the solid grains of rock form a viscously deformable framework or matrix. Liquid magma resides within the permeable network of pores between grains. Deviatoric stress causes the distribution of contact area between solid grains to become anisotropic; in turn, this causes anisotropy of the matrix viscosity at the continuum scale. In this two-paper set, we predict the consequences of viscous anisotropy for flow of two-phase aggregates in three configurations: simple shear, Poiseuille, and torsional flow. Part 1 presents the governing equations and an analysis of their linearized form. Part 2 (Katz & Takei, J. Fluid Mech., vol. 734, 2013, pp. 456-485) presents numerical solutions of the full, nonlinear model. In our theory, the anisotropic viscosity tensor couples shear and volumetric components of the matrix stress/strain rate. This coupling, acting over a gradient in shear stress, causes segregation of liquid and solid. Liquid typically migrates toward higher shear stress, but under specific conditions, the opposite can occur. Furthermore, it is known that in a two-phase aggregate with a porosity-weakening viscosity, matrix shear causes porosity perturbations to grow into a banded or sheeted structure. We show that viscous anisotropy reduces the angle between these emergent high-porosity features and the shear plane. Laboratory experiments produce similar, high-porosity features. We hypothesize that the low angle of porosity bands in such experiments is the result of viscous anisotropy. We therefore predict that experiments incorporating a gradient in shear stress will develop samplewide liquid-solid segregation due to viscous anisotropy.
Introduction
Segregation of magma from the partially molten mantle is of interest to Earth scientists as a process that controls volcanism and, over Earth's history, the chemical differentiation of the planet. Modelling this process is a problem in two-phase fluid dynamics: the flow of a low-viscosity liquid (magma) through the pores of a viscously deformable, permeable, solid matrix (rock). A set of continuum conservation Holtzman & Kohlstedt (2007) , modified) and (b) torsion (after King, Zimmerman & Kohlstedt (2010) , modified).
equations, derived by McKenzie (1984) to describe this system, has contributed to our understanding of the dynamics underlying magmatic segregation (e.g. Stevenson 1989; Spiegelman 1993a,b; Katz, Spiegelman & Holtzman 2006; Katz & Weatherley 2012) . The conservation equations are quite general and require closure in the form of constitutive laws representing the viscosity and permeability of the rock matrix. These continuum properties are sensitive to the detailed microstructure of the two-phase aggregate, which can be highly anisotropic (Daines & Kohlstedt 1997; Zimmerman et al. 1999) . Material anisotropy has typically been neglected in models of magma/mantle interaction. Recently, however, Takei & Holtzman (2009a,b) derived constitutive laws describing anisotropic viscosity of the magma/mantle system. A general consequence of this anisotropy is enhanced coupling between melt migration and matrix shear deformation (the latter resulting from mantle convection and plate tectonics, for example). In particular, Takei & Holtzman (2009c) showed that anisotropic viscosity destabilizes simple patterns of two-phase flow and drives shearinduced melt localization. This previous study was limited to a few simple, linearized cases. Here and in Part 2 (Katz & Takei 2013 ), we present a thorough and systematic study of the consequences of viscous anisotropy for behaviour of partially molten rocks under forced deformation. The development of a theory for anisotropic viscosity by Takei & Holtzman (2009a,b) was motivated by laboratory experiments on partially molten rocks (e.g. Daines & Kohlstedt 1997; Holtzman et al. 2003a; King et al. 2010) . These experiments involve controlled deformation of a polycrystalline olivine aggregate with interpenetrating, liquid basalt at the pressure/temperature conditions of the shallow mantle. Experimental samples begin as texturally equilibrated, nominally isotropic and uniform mixtures, but evolve to possess strongly anisotropic texture at the microscopic grain scale (Daines & Kohlstedt 1997) , as well as at the macroscopic continuum scale (i.e. thousands of grains) (Holtzman et al. 2003b) . Figure 1 shows melt-rich bands at the continuum scale that formed during deformation of the samples under simple shear and torsion. The robust observations derived from experiments can be summarized as: (a) spontaneous formation of melt-rich bands by strains of ∼1 in both simple shear and torsion; (b) a relatively low angle of the bands with respect to the shear plane (15) (16) (17) (18) (19) (20) • ); and (c) the constancy of this band-angle distribution, independent of stress, strain rate or the mechanism of polycrystalline flow (e.g. diffusion or dislocation creep) Y. Takei and R. F. Katz creep viscosity; dislocation creep is beyond the present scope because there is no theoretical model available to describe the associated viscous anisotropy.
Governing conservation equations
We briefly review the two-phase-flow theory for magma/mantle interaction, in which macroscopic behaviour of the two-phase aggregate is treated within the framework of continuum mechanics (Drew 1983; McKenzie 1984) . Here the term macroscopic means at scales much larger than the characteristic scale of the microstructure (i.e. the grain size in figure 2 ). On the scale of the microstructure, mechanical fields are highly heterogeneous because mechanical properties vary drastically between solid and liquid phases. At the macroscopic scale, this mechanical heterogeneity is smoothed by volumetric averaging. At each point x, the two-phase system is associated with a representative elementary volume (REV), which is small enough to define a point property at the macroscopic scale but large enough to contain many microscopic units (grains and pores). Liquid volume fraction φ, liquid velocity v In the text below, we use the average stress of the two-phase system as defined by σ ij = (1 − φ)σ S ij − φp L δ ij (tension positive; δ ij is the Kronecker delta), rather than σ S ij . Governing equations are derived by averaging the mass and momentum conservation equations required in the microscopic scale (Drew 1983) . Mass conservation equations for the liquid phase and matrix are given by
where L and S are the densities of liquid and matrix, respectively, and Γ is the rate of mass transfer from matrix to liquid, also known as the melting rate. The momentum conservation equations for the liquid phase and the bulk mixture (liquid + matrix) are given by
where η L is the liquid viscosity, k φ is the permeability, g is the gravitational acceleration and
is the average density; the summation convention applies here and below. Experimental and theoretical studies have shown that the permeability of texturally equilibrated, partially molten aggregates of olivine and basalt can be modelled with the closure condition k φ = d 2 φ n /c, where d is the grain size and c and n are semi-empirical constants (e.g. von Bargen & Waff 1986; Faul 1997; Wark & Watson 1998; Wark et al. 2003) . 3. Each grain in the polycrystalline matrix is assumed to have 14 circular contact faces with radius a 0 . A grain-centred coordinate system (x g , y g , z g ) is fixed on the grain, with the x g axis in the σ 3 direction of the local stress field. Grain-scale anisotropy is represented by decreasing the radius a of the two contact faces in the x g direction. Also shown are the special planes of simple shear which define the terminology used below.
The viscous constitutive relation between the macroscopic strain rate of the matrix, e ij = (v 5) where C ijkl represents the general (and potentially anisotropic) form of matrix viscosity. If C ijkl is an isotropic tensor, (2.1)-(2.5) reduce to those used in the previous studies (e.g. McKenzie 1984; Spiegelman 1993a) . The detailed form of C ijkl is given in the following section.
Contiguity and the viscosity tensor
The diffusion-creep viscosity tensor C ijkl of a partially molten rock can be computed as a function of grain-to-grain contact state using the contiguity model proposed by Takei & Holtzman (2009a) . As shown in figure 3, each grain in the polycrystalline matrix is assumed to have 14 circular contacts with radius a 0 . The grain coordinates (x g , y g , z g ) are defined independently of the continuum coordinates (x, y, z). Later in this section, we introduce a local orientation of the grains, Θ, relating (x g , y g , z g ) to (x, y, z). In the grain coordinates, stress-induced microstructural anisotropy due to a coherently orientated pore structure (figure 2b) is represented by a decrease in the radius a of the two contact faces in the x g direction. Substitution of this contact geometry, characterized by parameters a and a 0 , into the contiguity model (equation (42) of Takei & Holtzman (2009a) ), enables a calculation of the matrix viscosity C ijkl (i, j, k, l = x g , y g , z g ) as
where η and ξ correspond to the shear and bulk viscosity of an isotropic matrix, and ∆ represents the reduction of the C x g x g x g x g component due to stress-induced microstructural anisotropy. Parameters η and ξ are determined by the background contact radius a 0 . In a texturally equilibrated partially molten rock with a given dihedral angle, grain-to-grain contact area can be uniquely related to the volume fraction of melt φ. Therefore, η and ξ can be expressed as functions of φ. The relationship obtained from the contiguity model for η(φ) is described by the exponential form
with constants η 0 , φ 0 , and λ (≈27). Bulk viscosity ξ(φ) can be simply related to η(φ) as
where r ξ takes a constant value r ξ = 5/3 except for when φ 0.01 (Takei & Holtzman 2009a,b) . In this study, we assume r ξ to be constant for simplicity. Equation (3.2) shows that the contiguity model can explain the empirically observed dependence of shear viscosity on φ. Although the magnitude of viscous anisotropy ∆ depends on both a 0 and a, Takei & Holtzman (2009c) found that ∆/η depends on a/a 0 alone:
The parameter α is plotted in figure 4 . Based on the experiments of Takei (2010), we take a/a 0 to be a function of stress amplitude and parameterize α as a function of the maximum and minimum tensile stresses (σ 3 and σ 1 , respectively) as 5) with constant material parameter σ sat . In the following applications, matrix viscosity is expressed in terms of the continuum coordinate system (x, y, z). As shown in figure 3 , the continuum coordinates are oriented such that the σ 1 and σ 3 directions are in the x-y plane. In this study, the local orientation of the grain coordinate system is assigned so that the x g axis is parallel to the σ 3 direction of the stress field; this choice is motivated by the experiments of Takei (2010) . For two-dimensional models, symmetry in the z direction requires that σ 3 must remain within the x-y plane as the system evolves; in three dimensions, to simplify the mathematics, we constrain the anisotropy to remain within the plane defined by the σ 1 and σ 3 directions of the unperturbed system at t = 0 (this is referred to below as the σ 1 -σ 3 plane). Let Θ be the angle from the x g axis to the x axis. Then, by using the rotation matrix
the matrix viscosity tensor in the continuum coordinate C ijkl (i, j, k, l = x, y, z) is written as
The formulation of C ijkl by (3.7) is a generalized version of that given by Takei & Holtzman (2009c) . The relationship between the two formulations is presented in appendix A. In the new version, the porosity weakening, anisotropic viscosity is parameterized with five non-dimensional parameters: λ, r ξ , σ sat , α and Θ. Three of them, λ, r ξ and σ sat , are constants. Although r ξ = 5/3 is used as a default value, r ξ = 10 is also considered because larger values of r ξ are predicted elsewhere in the literature (e.g. Takei 2013 ). Parameters α and Θ depend on stress, making the constitutive equation (2.5) implicit. However, for simplicity in this paper, α and Θ are assumed to be constant. From (3.5), for sufficiently small σ sat , the anisotropy takes its saturation value α = 2 everywhere (except where deviatoric stress goes to zero, but we neglect this variation). In this case, the exact value of parameter σ sat is no longer required. A relaxation of the fixed-anisotropy assumption is considered in numerical solutions presented in Part 2.
Geometry and scaling of flows
To demonstrate the consequences of viscous anisotropy on the coupling between matrix deformation and magmatic flow, we solve the governing equations (2.1)-(2.5) and (3.7) under three deformation geometries, simple shear flow, parallel-plate Poiseuille flow and torsional flow, each of which is shown in figure 5. For consistency with experiments, we take the melting rate Γ = 0; we also assume that solid and liquid densities are constant (incompressible) and equal ( L = S = ). For simple shear and Poiseuille flow, we align the continuum coordinates such that the shear plane (see figure 3 for the definition) is parallel to the x and z axes.
Non-dimensionalization
To simplify the problem and identify non-dimensional parameters, we introduce scaled variables as follows: The length scale H is a characteristic dimension of the domain, as shown in figure 5 ; U represents a characteristic velocity of the matrix defined by
where g = |g|,γ is the rate of simple-shear strain andψ represents the twist rate over the height H (figure 5c). Non-dimensional average stress σ * ij is defined by the difference from the liquid stress, −p L δ ij . Non-dimensional, piezometric liquid pressure P is defined by the normalized difference from the hydrostatic pressure. Reference viscosity η 0 and reference permeability k 0 are defined by η 0 = η(φ = φ 0 ) and k 0 = k φ (φ = φ 0 ) with a reference melt fraction φ 0 . We further define a reference compaction length δ c and non-dimensional reference compaction length R by
The compaction length is a natural length scale for magma/mantle interaction (McKenzie 1984; Spiegelman 1993a) ; viscous resistance to (de)compaction is significant when the melt flux varies over a length scale that is less than or equal to this characteristic distance. For variation at larger length scales, Darcy drag is dominant.
Simple shear flow and parallel-plate Poiseuille flow are conveniently modelled in Cartesian coordinates x, y, z (X, Y, Z in non-dimensional form), while cylindrical coordinates r, ψ, z (ρ, ψ, ζ in non-dimensional form) are suited to the model of torsion. After combining the governing equations (2.1)-(2.5) to eliminate the liquid velocity v L , the non-dimensional governing equations are
Although equations (4.4), (4.5) and (4.7) apply to both Cartesian and cylindrical coordinates, equation (4.6) applies only to Cartesian coordinates. A version of (4.6) for cylindrical coordinates is provided in appendix B. The σ 1 and σ 3 directions are in the X-Y plane for simple shear and Poiseuille flow, and initially in the ψ-ζ plane for torsion (figure 5). Therefore, for these three cases, after rotation by the angle Θ between the grain coordinates and the continuum coordinates as shown in figure 5 , the non-dimensional viscosity tensor C * 8) where the matrix a ij is given by (3.6). For simple shear and Poiseuille flow, the viscosity tensor is explicitly formulated as
where only 21 of the 81 components are shown, because the other components (e.g. C * YYXX , C * ZYYX ) can be obtained from (4.9) using the symmetry of C ijkl for the exchange of i and j, k and l, and ij and kl. By replacing indices X, Y, and Z by ψ, ζ and ρ, respectively, (4.9) can be applied in the torsion geometry.
Boundary conditions
Boundary conditions are chosen for each of the three deformation geometries to roughly match the corresponding experimental set-up (Kohlstedt & Holtzman 2009 ; there are no published experiments at present for Poiseuille flow). Simple shear flow and Poiseuille flow are two-dimensional flow and their domains are infinite in the Z direction ( figure 5 ). Boundary conditions in the X-Y plane are given as follows. For simple shear, displacement is given at the impermeable top and bottom:
Simple shear
For Poiseuille flow we consider a domain that spans half the distance between the fixed, impermeable walls (figure 5b); hence, we impose a symmetry condition at Y = 0 and a no-slip condition at Y = 1:
Torsional deformation is three-dimensional, but the angular coordinate ψ is inherently periodic. Hence, we require the boundary conditions:
(4.12)
The condition at the outer boundary (ρ = L/H) is motivated by the use, in experiments, of a deformable jacket surrounding the sample that does not impede (de)compaction. The conditions given here are used as written in the numerical solutions presented in Part 2. The stability analysis below uses the boundary conditions selectively: for example, following Spiegelman (2003) , the linearized analysis for simple shear deformation is performed on a domain of infinite extent in X and Y with a shearstrain rateγ = U/H. Details on the application of boundary conditions are given in subsequent sections.
Analysis of melt localization instability
Having introduced the governing equations ( § 2), constitutive relationships ( § 3), the geometry of deformation and the boundary conditions ( § 4), we now develop an analysis that exposes the predicted behaviour of the system. In particular, we consider the evolution of an initially uniform porosity field, and obtain a base-state solution. We then investigate the stability of the base-state solution; for each deformation geometry, we postulate an infinitesimal, sinusoidal perturbation to the base state and derive a set of linearized equations governing the evolution of this perturbation. The present analysis follows from previous work (e.g. Spiegelman 2003; Katz et al. 2006) , but incorporates anisotropic viscosity according to the contiguity model that was reviewed above (Takei & Holtzman 2009c) . The analysis demonstrates the significant effects of viscous anisotropy on both the base-state flow and melt localization into high-porosity bands. In Part 2, we investigate the nonlinear evolution of the full system using numerical solutions. Let 1 be the initial amplitude of the porosity perturbation. We therefore express the problem variables in terms of a perturbation to the base state, , we derive the governing equations for the base state and for the perturbations. For convenience in the mathematics to follow, we introduce
which is referred to as the compaction rate, although a positive value of C actually corresponds to decompaction. In this linearized approach, as stated in § 3, the amplitude α and direction Θ of viscous anisotropy are taken to be constants, and hence the terms in the expansion of the viscosity tensor are given by 
The base state
As outlined above, we define the base state as the initial pattern of flow under uniform porosity φ 0 , which we obtain for each of the three deformation geometries. Detailed procedures to solve the leading-order equations for V (0) are presented in appendix C. The leading-order solutions are Simple shear V (0)
where the radial component must be calculated by numerically solving the differential equation,
under the boundary conditions
The base state of Poiseuille and torsional flow is obtained for Θ = 45
• . The base-state strain-rate tensoṙ e (0) ij for Poiseuille and torsional flow is presented in appendix C. As a consequence of viscous anisotropy (α > 0), the base-state porosity evolves under Poiseuille and torsional flow, whereas there is no base-state compaction in simple shear flow. The instantaneous growth rate of base-state porosity is a function of the compaction rate C 0 according to the balance of 0 terms from (4.4):
The compaction rate for Poiseuille and torsional flow is plotted in figure 6 as a function of position for different values of the non-dimensional compaction length R.
Melt migration under a gradient in shear stress
A comparison of the base-state solutions for simple shear, Poiseuille and torsion illustrates an important consequence of the anisotropic constitutive law (4.8). The leading-order shear stress and strain rate are spatially uniform under simple shear, but are spatially variable under Poiseuille and torsional flow. Moreover, there is no leadingorder compaction under simple shear, while Poiseuille flow drives liquid segregation toward higher stress (→wall), and torsional flow drives liquid segregation toward lower stress (→centre), as shown in figure 6 . This base-state liquid redistribution under a gradient in shear stress is a remarkable consequence of viscous anisotropy that does not occur in the isotropic system. In order to understand these results, it is important to recognize two major differences between isotropic and anisotropic systems.
The first difference is a coupling between shear and volumetric components under viscous anisotropy. This can be understood mathematically by recasting the constitutive relations (4.7)-(4.8) in terms of the volumetric stress σ * v ≡ Tr(σ * ij ) and volumetric-strain rateė * v ≡ Tr ė * ij , where Tr(·) is the trace of a tensor. We consider a two-dimensional case whereė * ZZ = 0. Then, we obtain 9) or, solving for the strain rate,
where we have assumed Θ = 45
• , consistent with a positive sense of shear. The offdiagonal terms in these equations represent the coupling between shear and volumetric deformation, which are zero when α = 0 (the isotropic case). A given, positive shearstrain rate with zero volumetric-strain rate gives rise to a negative (compressional) volumetric stress, according to (5.9); in contrast, a given, positive shear stress with zero volumetric stress gives rise to a positive volumetric-strain rate, according to (5.10). Figure 7 illustrates the asymmetry between the cases of zero volumetric stress and zero volumetric strain rate. To understand this figure, it is essential to recall that the anisotropic two-phase aggregate is more compliant in the σ 3 direction than in the σ 1 direction. In (a), the imposed shear stress causes a matrix expansion, while in (b), an imposed shear strain rate causes compressive stress to the matrix. FIGURE 7. Schematic diagram of the coupling between shear and isotropic components of stress and strain rate, as caused by viscous anisotropy. The constitutive law (4.8) states that the two-phase aggregate is more compliant in the σ 3 direction than in the σ 1 direction. As a consequence, (a) imposed shear stress with zero volumetric stress causes matrix expansion, whereas (b) imposed shear strain rate with zero volumetric strain rate causes a compressive stress on the matrix. end members we can write
(5.11)
General cases of two-phase flow behave in a manner that is somewhere between these end members. Considering the above, we can therefore only state that for α > 0, imposed shear causes volumetric expansion and compressive stress to the matrix; the relative magnitude of each of these depends on the mechanical constraints (i.e. σ * v ∼ 0 orė * v ∼ 0) stemming from the geometry and boundary conditions of the flow. The second difference between isotropic and anisotropic systems is in the relationship between the volumetric stress and volumetric strain rate. The volumetric strain rateė * v is proportional to the rate of change of porosity (equation (5.8)), and therefore it simply represents the (de)compaction rate. For isotropic systems (α = 0), the pressure difference σ * v between liquid and solid is proportional toė * v and, hence, σ * v represents the (de)compaction stress. However, for an anisotropic system, σ * v cannot be directly related toė * v (equations (5.9)-(5.10)). Indeed, figure 7(b) illustrates the development of σ * v underė * v = 0. Therefore, to avoid ambiguity, porosity evolution must be discussed in terms ofė * v , not σ * v . The asymmetry betweenė * v and σ * v has implications for the prediction of the segregation direction. If end member (a) can be applied, a gradient in shear stress is associated with a gradient of matrix expansion, which predicts melt migration toward higher stress. On the other hand, if end member (b) can be applied, a gradient in shear strain rate means a gradient of matrix compressive stress, but it does not predict any particular flow direction. Therefore, while melt flow up the stress gradient is a general tendency of the anisotropic system, its occurrence depends on the details of the mechanical configuration.
Under Poiseuille flow, shear stress increases linearly with increasing position Y. The associated base-state segregation (figure 6a) can therefore be categorized as liquid flow up a stress gradient and can be understood as follows. As discussed above, porosity evolution under segregation must be considered in terms of compactionstrain rateė can develop freely in the interior of the domain. Hence, the Poiseuille system is closer to end member (a) than to end member (b): the mechanical constraint is on the (volumetric) stress; the strain rate is only required to meet the boundary conditions at Y = 0, 1. End member (a) then implies that the imposed shear stress promotes matrix expansion, and does so increasingly with distance Y toward the wall, causing melt migration in the +Y direction.
Under torsional flow, the leading-order strain rate isė (0) ψζ = ρ/2, which is uniform in the ψ-ζ plane but increases with radius ρ. The essential difference from Poiseuille flow is that the gradient of shear-strain rate occurs not within but normal to the σ 1 -σ 3 plane. The inward segregation of liquid (figure 6b) is evidence that up-stressgradient migration does not occur under torsional flow. This can be understood if we consider that the ψ-ζ plane, where coupling between the shear and volumetric components illustrated in figure 7 occurs, cannot be approximated as end member (a). By translational invariance in the ζ and ψ directions, matrix expansion must be uniform in this plane. However, uniform expansion is not allowed by the mechanical configuration, making the ψ-ζ plane correspond to end member (b). Therefore, we expect compressive stress to develop in the ψ (hoop) and ζ directions. A compressive hoop stress pushes the solid matrix outward; when σ (0) ψψ < 0 is inserted into the first equation of (B 1) it causes a positive, radial pressure gradient, which drives the liquid toward the centre of the cylinder.
The base-state solutions for Poiseuille and torsion (figure 6) also demonstrate the effect of the compaction length. When R 1, the compaction length is much smaller than the domain size (assuming L = H for torsion, as in figure 6b ). The compaction/decompaction is then confined to layers of thickness ∼R near the domain boundaries. As R approaches and exceeds unity, these layers broaden until they span the entire domain. This is consistent with the role of the compaction length in models of much larger scale (e.g. flow,
where 13) and where K = |K|, n is a unit vector normal to the perturbation plane and θ represents the angle between perturbation planes and the shear plane ( figure 8a,b) . The cylindrical geometry of torsional flow requires a more complex, three-dimensional structure of the porosity perturbation, as shown in figure 8(c). We refer to this as a spiral staircase because an isosurface of the perturbation has a single, constant value of dζ /dψ. For torsion, the perturbation takes the form
where K represents the angular wavenumber (figure 8c) and = L/H is the nondimensional radius of the outside of the cylinder, chosen as a reference radius. The local angle θ between the perturbation isosurface and the shear plane (the horizontal ρ-ψ plane) decreases with increasing radial distance ρ, similar to the shape of a spiral staircase. This is expressed as
where θ is a reference angle for the perturbation, defined by θ = θ(ρ = ).
We use the balance of first-order terms in our expansion of (4.4)-(4.8) to solve for the growth rateṡ of these perturbations. From the first-order balance of (4.4),ṡ is related to the first-order compaction rate C 1 aṡ
Detailed procedures to solve forṡ for the three flow geometries are presented in appendix D. Here, we summarize the assumptions used in this analysis. Poiseuille and torsional deformation present the difficulty that the base state is time dependent: the order-one compaction rate is non-zero, and hence φ 0 is a function of time. There is no universally accepted method for analysing the linear stability of a time-dependent base state (Doumenc et al. 2010) . For simplicity, we adopt the frozen-time approximation (Lick 1965; Currie 1967 ), whereby we assume that the perturbation grows at a rate that is faster than the rate-of-change of the base state. We therefore take φ 0 to be constant and uniform in solving for the evolution of perturbations. An a posteriori comparison of growth rates of the base state and perturbation porosity, presented below, shows that the assumption about relative rates is not uniformly valid. Furthermore, spatial gradients in the (frozen) base state of Poiseuille and torsional deformation introduce mathematical complexity to the analysis. For these flow geometries, analytical solutions are derived under the assumption of K → ∞. This is equivalent to assuming that the wavelength of perturbations is much smaller than the domain size, and that the spatial derivatives of the base-state flow are negligible compared with those of the perturbation. (Even in this case, KR can be O(1) when R 1.) Numerical solutions to the full, nonlinear equations can be used to check the validity and limitations of these assumptions.
For simple shear, with arbitrary orientation of the anisotropy direction Θ, the perturbation growth rateṡ is
where
and
(5.20)
For simple shear, the base-state strain rate isė 
21) where D ij (i, j = 1, 2) is given by (5.18) with Θ = 45 22) and base-state quantities C 0 andė (0) ij are given by (C 2)-(C 3). For torsional flow,ṡ is obtained as
The base-state strain rateė
ρρ , andė
ψψ are given by (C 5). In the limit of zero anisotropy there is no leading-order compaction. In this case, and with KR → ∞, (5.17), (5.21) and (5.23) reduce tȯ Results for the isotropic systems are plotted in figure 9(a-c) ; results for the anisotropic systems are plotted in figure (d-i) . In these plots, λ = 27, r ξ = 5/3, φ 0 = 0.05, n = 2 and KR = 50 are used as typical values of these parameters, and Θ = 45
• unless indicated otherwise. Here KR = 50 signifies that the perturbation wavelength is much smaller than the compaction length. (For KR 1,ṡ decreases with decreasing KR.) For torsional flow we take L/H = = 1. The results confirm that the local angle between high-porosity sheets and the shear plane controls the growth rate (e.g. Spiegelman 2003; Katz et al. 2006 ), but they also show how this is significantly modified by viscous anisotropy.
Growth rate of perturbations
We next compare the growth of porosity perturbations under simple shear, Poiseuille and torsional flow, beginning with results for isotropic viscosity, shown in figure 9(a-c) . In the case of α = 0,ṡ is given by (5.26) regardless of the deformation 444 Y. Takei and R. F. Katz geometry. Because of the porosity weakening viscosity (λ = 25-45) of partially molten rocks, unstable growth of porosity perturbations is predicted for 0
• < θ < 90
• and the maximum growth rate occurs at θ = 45
• (solid symbol in figure 9a ) (Spiegelman 2003) . Under simple shear and Poiseuille flow, where the direction of the leading-order stress field is uniform, the fastest-growing perturbations appear as planes normal to the maximum tensile stress. In a simple-shear flow with constantė (0) XY , the growth rate at fixed θ is uniform over the domain, whereas under Poiseuille flow withė (0) XY ∝ Y, the growth rate at fixed θ varies linearly in Y (solid symbols in figure 9b ). Torsional flow also has spatially variable shear-strain rate (ė (0) ψζ ∝ ρ), and it has a further complication: idealized perturbations take the form of a spiral staircase, with radially varying angle to the shear plane. On a spiral-staircase perturbation with reference angle θ = 45
• , the peak growth rate is attained at the outer radius (ρ = = 1), where θ = 45
• anḋ e (0) ψζ is at a maximum; the growth rate is diminished values within ρ < 1, where the local perturbation slope increases and the strain-rate decreases. The combination of these two factors requires thatṡ varies nonlinearly with ρ at a fixed value of θ (solid symbols in figure 9c) .
The most fundamental consequence of viscous anisotropy on the growth rate of porosity perturbations appears in the θ dependence, as clearly illustrated under simple shear. Figure 9 (d) shows that when viscous anisotropy is relatively large (α 1.2), the growth-rate peak splits into two, one at high (θ > 45
•
) and one at low (θ < 45
angle. Under saturated anisotropy α = 2, the predicted angle of the low-angle peak reaches a minimum of θ = 15
• . Although the high-and low-angle peaks have the same growth rate at τ = 0, the lower angle perturbation becomes dominant over a finite time interval. This is due to the clockwise rotation of perturbation surfaces in the base-state simple-shear flow, which increases θ and hence decreasesṡ (Katz et al. 2006) . This rotation does not affect all perturbations equally, it is faster for higher-angle perturbations, and hence high-angle bands do not experience cumulative growth.
Figure 9(g) shows the effect of the anisotropy direction Θ under simple shear. Increasing Θ from 45
• reduces the angle of the lower-angle peak. The curves in this figure represent a generalization in which the anisotropy direction is not parallel to the σ 3 direction (Takei & Holtzman 2009c) . Under the assumption that anisotropy is strictly aligned with σ 3 , large deviations in Θ away from 45
• are not expected, especially at τ 1. In simulations in Part 2, Θ is allowed to vary dynamically, consistent with variations in the stress field. Growth-rate curves shown in figure 9(g) are helpful in interpreting those results.
The above explanation for the consequence of viscous anisotropy can be applied to both Poiseuille (figure 9e,h) and torsional flow ( figure 9f,i) , where the angle of perturbations with peak growth rate is significantly lowered by viscous anisotropy (note that Θ = 45
• here). However, in these flows, unlike in simple shear,ṡ depends on position in the flow because the base-state shear-strain rate is spatially variable. In torsion, as discussed in the isotropic case, on the spiral-staircase perturbation surface associated with reference angle θ = 15
• , the growth rate takes a peak value only at the outer radius but takes off-peak values at the insides (solid symbols in figure 9f,i) .
For an anisotropic system, Poiseuille and torsional flow involve both base-state shear (ė .25), whereas the effect though the 1st term in the right-hand side of (5.21) and (5.23) is much smaller. This effect is illustrated by the difference between figure 9(e,h), and between figure 9(f,i) . When R = 0.1, compaction is much slower than the shear flow (figure 6) and hence has little influence (figure 9e,f ). When R = 1, the leading-order compaction, which has opposite sign between Poiseuille and torsional flow (figure 6), has a nonnegligible effect;ṡ increases near the wall and decreases near the centre in Poiseuille flow, andṡ decreases near the outer edge and increases near the centre in torsional flow ( figure 9h,i) . Interestingly, because of the base-state compaction, the radial variation ofṡ in torsional flow is not monotonic (solid symbols in figure 9i), as it was in the isotropic case.
Base-state segregation versus perturbation growth
We have shown that under Poiseuille and torsional flow of a two-phase aggregate with anisotropic viscosity, porosity redistribution is caused by both the base-state flow and the growth of porosity perturbations. The total, instantaneous porosity change is calculated with (4.4), summing zeroth-and first-order contributions,
We will use this equation to consider the relative importance of base-state segregation (the first term on the right-hand side) and perturbation growth (the second term). For this purpose, the sinusoidal function φ 1 with amplitude 1 can be simplified to φ 1 = 1.
To understand the relative importance of the two terms in (5.27), we first clarify the parameters controlling these quantities. In the first term, (1 − φ 0 )C 0 , the basestate compaction rate C 0 depends on the magnitude of anisotropy α, bulk-to-shear viscosity ratio r ξ , non-dimensional reference compaction length R, and position Y or ρ, according to (C 2) and (5.7). The effect of reference porosity φ 0 through the factor (1 − φ 0 ) is negligible in the present discussion. The second term, φ 1ṡ , depends on the initial perturbation amplitude and the parameters affectingṡ; because the second term in (5.21) and (5.23) dominates the first term,ṡ is effectively determined by the porosity weakening factor λ, bulk/shear viscosity ratio r ξ , magnitude of anisotropy α, perturbation angle θ, and position Y or ρ. The dependences on and λ are linear, and hence φ 1ṡ depends linearly on the product λ. For perturbations with KR → ∞, the explicit effects of R and K onṡ are small. However R has a strong effect on C 0 that, in turn, directly modifiesṡ, as shown in (5.22) and (5.25) and discussed at the end of § 5.4.
To produce a simple illustration of these dependencies and their consequences, we take α = 2 and θ = 15
• for Poiseuille flow and α = 2 and θ = 15
• for torsional flow. Therefore, the rate of base-state segregation, (1 − φ 0 )C 0 , is controlled by R, r ξ , and Y (or ρ), whereas the rate of perturbation growth, φ 1ṡ , is controlled by λ, r ξ , and Y (or ρ). As shown below, the effect of r ξ on these two rates is quite similar (both are significantly reduced by increasing r ξ ), and so the relative importance of base-state segregation and perturbation growth is almost entirely determined by R, λ, and position, Y or ρ.
The two terms in (5.27) are plotted in figure 10 as functions of position Y (or ρ) for R = 1, 0.3 and 0.1, where r ξ and λ are fixed (r ξ = 5/3, = 0.01, λ = 27). The assumption = 0.01 is based on = 0.2φ 0 and φ 0 = 0.05 (D. Kohlstedt, Personal communication, 2012) . Owing to the strong effect of R on C 0 , the relative importance of the base-state segregation significantly decreases with decreasing R. In figure 11 , the larger one of the two terms in (5.27) is contoured on the R-λ plane; it summarizes all of the important controls on the porosity evolution rates. The calculations are based on position Y = 1 or ρ = 1 with fixed amplitude of anisotropy (α = 2) and perturbation angle (θ = 15
Comparison between the upper and lower plots shows that the rates of both segregation modes decrease in roughly inverse proportion to r ξ .
Discussion
In the analysis presented above, we have demonstrated the consequences of viscous anisotropy in a two-phase aggregate deforming in simple shear, Poiseuille or torsional flow. One fundamental result of this anisotropy is the destabilization of the background patterns of Poiseuille flow and torsional flow: even without any porosity perturbation, melt segregation occurs as a consequence of the gradient in stress or strain rate. These are new results that have not been previously reported. The prediction of up-stressgradient melt segregation was made by Takei & Holtzman (2009c) for rotary shear deformation, but they did not clarify the underlying mechanism applicable to general flow configurations. The present study shows that viscous anisotropy has a general tendency to cause melt segregation up a gradient in shear stress. A caveat to this generalization is required, however: the occurrence of up-stress-gradient segregation depends on whether the mechanical constraints on the system allow the matrix to (de)compact within the σ 1 -σ 3 plane of the imposed shear. This general understanding can be applied to the case of rotary shear. In the rotary shear configuration considered by Takei & Holtzman (2009c) , torque (ρ 2 σ * ρψ ) is constant and hence shear stress σ * ρψ and shear-strain rateė * ρψ increase with decreasing ρ. A shear-stress gradient therefore exists within the σ 1 -σ 3 plane (as for Poiseuille); figure 7(a) can be applied to the radial direction of this system, predicting melt migration towards higher shear stress.
Another remarkable result is the effect of viscous anisotropy on the unstable growth of porosity perturbations. Compared with an isotropic system, the most rapidly growing porosity perturbations are aligned at a significantly lower angle to the shear plane. As shown in figure 1 10 (c,d) , where R is non-dimensional reference compaction length, is initial perturbation amplitude, λ is porosity weakening factor and r ξ is bulk/shear viscosity ratio. structure develops in partially molten rocks deformed under simple shear and torsion. One of the robust observations from these studies is the low angle of the bands to the shear plane (θ 15 figure 1b ). An explanation for the low angle of the bands was proposed by Katz et al. (2006) , who showed that band angle is sensitive to the stress-dependence of viscosity. Their explanation for low band angle requires a power-law viscosity characterized by a stress exponent of n σ = 3-6. However, King et al. (2010) measured n σ ≈ 1.6, which is inconsistent with the model of Katz et al. (2006) . Figure 9 (d) shows that our results for an anisotropic system with saturated anisotropy (α = 2) are consistent with band angles in experiments. It also suggests that the low angle is difficult to explain with unsaturated anisotropy (0 < α 1.5). This sensitivity to model parameters stands in contrast to the robustness of low band angle in laboratory experiments over a broad range of deformation conditions. A more detailed discussion of this comparison is hampered by the lack of measurements of viscous anisotropy in experiments.
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Y. Takei and R. F. Katz Part 2 describes a refinement of the present model that helps to explain the robustness of low-angle bands in experiments. Numerical solutions in which α and Θ are allowed to vary in space and time according to the local stress produce band angles that are below those predicted by linearized analysis; under these conditions, the band angles in experiments can be explained over a wider range of α. An extension of the present analysis to dynamic anisotropy, accounting for perturbations of α and Θ, is therefore an important area for future work.
Furthermore, the present work did not consider in detail the possibility of an anisotropy direction not parallel to the σ 3 direction (Θ = 45
• in figure 9g ). However, there is some indication that this may in fact occur in experiments at large strain (Zimmerman et al. 1999) . This was discussed by Takei & Holtzman (2009c) who considered a 'Type B' alignment of anisotropy at Θ = 67.5
• . Butler (2012) modelled a case of simple shear where the anisotropy direction changes from Θ = 45
• to Θ = 67.5
• at large strain; he noted the difficulty in maintaining low band angle. This is consistent with the prediction of figure 9(g).
It is therefore clear, in the context of the present model, that a robust orientation of porosity bands at low angle depends on the detailed behaviour of α and Θ. The evolution of these state variables in deforming partially molten rocks is poorly understood, however. In § 3, we parameterized the magnitude of anisotropy by assuming an instantaneous response of microstructure to stress and hence inferring the form of (3.5). And even if the present model proves to be a good approximation for deformation under diffusion creep, it is probably incorrect for dislocation creep. Experimental studies have reported similar porosity weakening viscosity and similar band angle distributions for both diffusion and dislocation creep (King et al. 2010) , but the reason for this similarity is not self-evident: microscopic processes are largely different between the two creep mechanisms. Diffusion and dislocation creep are both active in the Earth, and therefore an extension of the model to capture dislocation creep is needed.
Beyond the issue of porosity band emergence and angle, the present model of viscous anisotropy can be checked by validating its predictions of base-state segregation. In this context it is worth noting that while § 5.2 shows that anisotropic viscosity within a gradient in shear is sufficient to drive base-state segregation, it is not clear that anisotropic viscosity is necessary, or whether some other complex rheology can also yield base-state segregation. However, our numerical solutions show that the isotropic, nonlinear (power-law) rheology proposed by Katz et al. (2006) does not cause base-state segregation in Poiseuille or torsional flow. At the present time, published experimental data that can be directly compared with our theoretical predictions of base-state segregation are not available. Although experiments on torsional deformation of initially uniform, partially molten rocks have been reported by King et al. (2010) , their measurements focused on the development of melt-rich bands; sample-scale melt redistribution was not investigated. Future experimental studies of sample-scale melt redistribution in partially molten rocks under Poiseuille flow and torsional flow can provide a check on the validity of the present theory. Further discussion is presented in Part 2.
Analytical solutions based on the linearized governing equations are formally limited to the initial stage of porosity evolution. This is particularly true in cases where time dependence of the base state is neglected in computing the evolution of perturbations. Numerical solutions of the fully nonlinear equations are required to investigate the applicability and limitations of linearized analysis. In Part 2, we show that the analytically obtained growth rateṡ agrees well with the initial perturbation growth rate calculated from the numerical solutions. This is true even when perturbation growth rate is less than the base-state localization rate (e.g. Figure 11 ), which violates the assumption of the frozen-time approximation. In simple shear flow, an approximate agreement holds to large strains. However, in Poiseuille and torsional flow, perturbation growth rates soon deviate from the analytical solutions due to nonlinear interaction between base-state segregation and perturbation growth that cannot be captured by the linear analysis. So numerical methods are required to investigate the finite-time behaviour relevant for experimental and geological systems. Nonetheless, the analytical solutions in this paper promote an understanding of the results of numerical simulations.
Conclusions
In this paper we investigated two-phase flow using a theory that is extended to include anisotropy of matrix viscosity. The results demonstrate the significant consequences of viscous anisotropy on melt segregation and localization under shear deformation. We considered a sequence of three configurations that build in complexity: simple shear, Poiseuille and torsional flow. The analysis above enables certain conclusions and generalizations, listed below. for Poiseuille flow meets both (i) and (ii), causing melt segregation toward higher matrix stress (→wall). More generally, condition (ii) is typically met when the stress gradient occurs within the σ 1 -σ 3 plane of the imposed shear. In torsional flow, however, the stress gradient is normal to the cylindrical surfaces that contain the σ 1 and σ 3 directions. The base state for torsional flow does not meet condition (ii); instead it results in a compressive hoop stress, which causes radial, base-state liquid segregation toward the centre of the cylinder. (d) Unstable growth of porosity perturbations occurs in all three flow configurations, with or without viscous anisotropy. However, with viscous anisotropy, the perturbation angle with peak growth rate is significantly reduced, consistent with experimental observations of melt-rich bands. (e) The rates of base-state and porosity-band segregation are controlled by different material or system parameters. Base-state segregation depends most strongly on the compaction length relative to the domain size, R, whereas perturbation growth depends on the porosity-weakening factor λ and the initial perturbation amplitude . The bulk/shear viscosity ratio r ξ affects both rates almost equally. (f ) Over finite time/strain, interaction between segregation modes and nonlinear dynamics becomes important. Solutions to the linearized equations cannot capture such phenomena. Numerical solutions presented in the second paper of this set address this problem. Takei & Holtzman (2009c) .) The relationship to C ijkl defined by (3.7) is obtained by solving C TH ijkl = C ijkl for the six independent components in the x-y plane, as ξ Appendix B. Equation (4.6) for cylindrical coordinates A version of mechanical equilibrium condition (4.6) for cylindrical coordinates is Malvern 1969 ).
Appendix C. Base-state solutions Base-state flow V (0) (X) is obtained by solving the leading-order balance of governing equations (4.5)-(4.7) and (4.8) and boundary conditions (4.10)-(4.12).
C.1. Simple shear flow
By assuming uniformity of flow in the X direction, V (0) (X) = (V X (Y), 0) and P 0 (X) = P 0 (Y), the base-state solution for simple shear can be obtained as (5.4) with P 0 = const. The base-state compaction rate is therefore C 0 = 0.
C.2. Poiseuille flow
Let Q be the non-dimensional liquid pressure defined as Q = p L /(η 0 U/H). In this problem, use of the absolute pressure Q is preferable to the piezometric pressure P (equation (4.1)) because gravity is balanced by viscous stresses, rather than by pressure gradients. By assuming a pattern of flow that is uniform in the X direction,
) and P 0 (X) = Q 0 (Y) + X/2, the force-balance equations derived from (4.5)-(4.7) become
Equations (C 1) with Θ = 45
• and with boundary conditions (4.11) admit the analytical solution given by (5.5). Using (5.5), the base-state compaction rate C 0 is written as
and the base-state strain-rate tensor is written aṡ
(C 3)
In the base state of Poiseuille flow, unlike the other two flows, there is a non-zero, gravitationally driven segregation of liquid from solid in the −X direction. The segregation rate, (v L − v S ), is given in non-dimensional form by (−R 2 /[2φ 0 (r ξ + 4/3)], 0). This mode of liquid segregation is termed gravity-driven segregation; its consequences are discussed in Part 2.
C.3. Torsional flow
The governing force balance for torsional flow, represented by (4.5), (B 1) and (4.7) can be simplified by assuming an axially symmetric flow: V (0) (X) = (V ρ (ρ), V ψ (ρ, ζ ), 0) and P 0 (X) = P 0 (ρ). The governing equations at leading order become 
(C 4)
A partial solution to (C 4) for Θ = 45
• and with boundary conditions (4.12) can be obtained as (5.6). In (5.6), the radial component V We consider a porosity perturbation in the form of a plane wave that rotates with the base-state flow (equation (5.12)). For convenience, the velocity perturbation is written with a Helmholtz decomposition V 
where D ij (i, j = 1, 2) is given by (5.18) and N i (i = 1, 2) is given by (5.19). By substituting C 0 = 0 and C 1 = (iK) 2 Φ * φ 1 into (5.16), growth rateṡ is obtained as (5.17).
D.2. Poiseuille flow
To derive the growth rate of perturbations under Poiseuille flow, we follow nearly the same procedure as under simple shear flow; only the differences are stated here.
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The first-order (4.5)-(4.7) have additional terms that come from the non-zero spatial derivatives of P 0 (X, Y) = Q 0 (Y) + X/2,ė 
D.3. Torsional flow
The procedure to obtain the growth rate for torsional flow is essentially the same as those of simple shear and Poiseuille flow. For simplicity, Θ in (4.9) is fixed to be 45
• . We introduce scalar potential Φ and vector potential (Ψ ρ , Ψ ψ , Ψ ζ ) for the velocity perturbation V , the perturbation growth rate under torsional flow is obtained from (5.16) as (5.23).
